Abstract. A simple homotopy equivalence f : M n → X n of manifolds splits along a submanifold Y ⊂ X if it is homotopic to a map that is a simple homotopy equivalence on the transversal preimage of the submanifold and on the complement of this preimage. The problem of splitting along a submanifold with filtration is a natural generalization of this problem. In this paper we define groups LSF * of obstructions to splitting along a submanifold with filtration and describe their properties. We apply the results obtained to the problem of the realization of surgery and splitting obstructions by maps of closed manifolds and consider several examples.
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Bibliography: 36 titles. § 1. Introduction
The classical surgery theory [1] [2] [3] [4] [5] has a natural generalization to the case of stratified manifolds [6] [7] [8] [9] [10] [11] . A pair of closed manifolds is the simplest case of a stratified manifold [5] . The surgery theory of a manifold pair and the problem of splitting a (simple) homotopy equivalence along a submanifold (see [2] , [4] , [5] , [12] [13] [14] [15] ) provide effective methods of the solution of many problems in geometric topology (see [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] ). The splitting problem is closely related to the classification of manifolds of a fixed homotopy type, (see [16] , [20] [21] [22] ), the computation of the Wall groups and natural maps between them (see [23] and [24] ), problems of the classification of involutions and group actions on manifolds (see [2] , [12] [13] [14] ), and the realization of elements of the Wall group by normal maps of closed manifolds (see [10] , [14] [15] [16] , [18] and [19] ).
The problem of splitting a simple homotopy equivalence along a submanifold with filtration is a natural generalization of the problem of splitting along a submanifold. In this paper we define groups LSF * of obstructions to splitting along a submanifold with filtration and investigate their properties. We consider topological manifolds and the surgery obstruction groups L * = L a simple homotopy equivalence and by C * (π) ⊂ L * (π) the subgroup generated by the elements that can be realized by normal maps of closed manifolds. Let A manifold pair Y n−1 ⊂ X n is called a Browder-Livesay pair if Y is a one-sided submanifold and the inclusion maps induce isomorphisms π 1 (Y ) ∼ = π 1 (X) and π 1 (∂U ) → π 1 (X \ Y ), where ∂U is the boundary of a tubular neighbourhood of Y in X. In this case the map π 1 (X \ Y ) → π 1 (X) is an inclusion of index 2 and the Browder-Livesay splitting obstruction group LN n−1 π 1 (X \Y ) → π 1 (X) is defined (see [2] , [5] , [12] [13] [14] [15] ). Let RP N be a real projective space of high dimension N > n. For an arbitrary subgroup ρ → π of index 2 consider a map
inducing the epimorphism of fundamental groups with kernel ρ. Let Y n−1 ⊂ X n be the transversal preimage of RP N −1 . Using surgery inside the manifold X (see [2] and [15] ) we can assume that the pair Y ⊂ X is a Browder-Livesay pair and the group of obstructions to splitting along Y is equal to LN n−1 (ρ → π). For the inclusion ρ → π of index 2 we have the rooted transfer map ∂ : L n (π) → LN n−2 (ρ → π) (see [2] , [5] , [14] , [17] , [23] [24] [25] ), which is called the Browder-Livesay invariant. The map ∂ gives the first obstruction to the realization of elements of the group L n (π) by normal maps of closed manifolds [14] .
In [15] Hambleton constructed the second Browder-Livesay invariant and proved that it is sufficient to use these invariants for detecting the group C p * (π) in the case of an arbitrary finite 2-group π. From the geometric point of view, the second Browder-Livesay invariant arises in the case of the consecutive consideration of two splitting problems for the Browder-Livesay pairs: first, for the pair Y ⊂ X and, afterwards, for the pair Z ⊂ Y . These manifolds fit in the triple
giving a filtration X of the manifold X. We shall call the triple (1.2) a BrowderLivesay triple if the pairs (X, Y ) and (Y, Z) are Browder-Livesay pairs. The filtration (1.2) is a stratified manifold in the sense of Browder-Quinn [6] [7] [8] ; hence the Browder-Quinn stratified surgery obstruction groups
are defined.
In the general case of a manifold with filtration we present the definition of the Browder-Quinn groups below, at the end of § 2.
Let (X, Y, Z) be a triple of manifolds. The groups LSP n−2 (X, Y, Z) of obstructions to splitting a simple homotopy equivalence f : M n → X n along the pair of submanifolds (Z ⊂ Y ) are defined in [11] . The obstruction σ(f ) ∈ LSF n−2 (X, Y, Z) is trivial if and only if the homotopy class of the map f contains a map g split along every pair of manifolds in the triple (X, Y, Z). The Browder-Quinn groups and the LSP * -groups fit in the exact sequence [11] 
For the Browder-Livesay triple (1.2) the map
from the exact sequence (1.3) gives an invariant forbidding the realization of elements of the group L n (π 1 (X)) by normal maps of closed manifolds (see [11] and [26] ). This invariant is equivalent to the pair of Browder-Livesay invariants constructed in [15] (see [11] and [26] ). Iterated Browder-Livesay invariants forbidding realization of elements of the Wall groups by normal maps of closed manifolds were defined by Kharshiladze (see [18] , [23] , [27] , and [28] ). Kharshiladze's construction uses a filtration of a manifold X by a system of submanifolds in which every pair of adjacent manifolds is a Browder-Livesay pair for the fixed inclusion ρ → π = π 1 (X) of index 2.
Consider a filtration X :
of a closed topological manifold X by closed locally flat submanifolds. In this paper we define groups LSF * (X ) of obstructions to splitting a simple homotopy equivalence f in (1.1) along the subfiltration Y :
is trivial if and only if the homotopy class of the map f contains a map g that is split for all pairs of submanifolds appearing in the filtration X . The introduced groups are a natural generalization of the groups LS * and LSP * .
In this paper we describe relations between the LSF * -groups, the classical surgery obstruction groups, and the Browder-Quinn groups. The main relations are given by commutative diagrams and braids of exact sequences. We obtain also relations between the groups LSF * and various structure sets for the filtration (1.5). We use the algebraic surgery theory of Ranicki (see [4] , [7] [8] [9] [10] [11] and [28] [29] [30] [31] ) yielding realization of obstruction groups, structure sets and natural maps on the spectrum level. The groups LSF * (X ) are also realized by the spectra LSF (X ).
We call a filtration X a Browder-Livesay filtration if every pair of manifolds (X i , X i+1 ) from (1.5) is a Browder-Livesay pair with respect to the inclusion
In this case the spectra LSF (X ) are closely related to the surgery spectral sequence of Hambleton-Kharshiladze [32] . For the case of a Browder-Livesay filtration we obtain a map into the group LSF * (X ) that is equivalent to the system of iterated Browder-Livesay invariants given by the filtration X . After that we apply the groups LSF * to the investigation of the realization of splitting obstructions by simple homotopy equivalences of closed manifolds (see [13] , [28] and [33] ). We give several explicit results for the groups LN * (ρ → π). § 2. Algebraic surgery theory and manifolds with filtration
In this paper we use the algebraic surgery theory of topological manifolds and manifolds with filtration (see [2] , [4] , [7] [8] [9] , [17] , [29] [30] [31] and [34] ). In the present section we recall necessary preliminary facts about the realization of groups and maps on the spectrum level. In the homotopy category of spectra the concepts of push-out and pull-back squares are equivalent (see [10] , [31] and [35] ); hence we shall call them push-out squares. All obstruction groups under consideration are equipped with the decoration 's'; for example, LS * (F ) = LS s * (F ) (see [2] , [4] and [5] ).
Let X be a connected topological space with fundamental group π = π 1 (X) and
be the Ω-spectrum constructed in [4] (see [2] , [5] and [12] ). The spectrum L(π) is 4-periodic and its homotopy groups are isomorphic to Wall groups:
We denote by L • the 1-connected cover of the spectrum L(1). Then L •0 G/TOP and there is a cofibration of spectra (see [4] )
The homotopy long exact sequence of the cofibration (2.1) yields the algebraic surgery exact sequence [4] 
For a closed n-dimensional topological manifold X the left-hand part (m n) of the exact sequence (2.2) coincides with the surgery exact sequence (see [2] , [4] , [5] and [10] 
is the set of normal invariants of the manifold X and S n+1 (X) = S TOP (X) is the set of classes of s-cobordance of simple homotopy equivalences f :
3)
The homotopy long exact sequence of the cofibration (2.3) is the relative exact sequence of L-groups with π n (L(g)) = L n (g) (see [2] , [4] , [29] and [31] ). The transfer map and its relative groups are also realized on the spectrum level [29] . The disc bundle
over a closed manifold X induces the homotopy commutative diagram of spectra (see [2] , [5] , [10] , [29] and [31] )
in which p and p 1 are the transfer maps and δ is the connecting map in the cofibration exact sequence of L-spectra that is induced by the natural map π 1 (∂E) → π 1 (E) of fundamental groups. Recall (see [4] ) that a closed manifold pair (X n , Y n−q , ξ) of codimension q is given by a locally flat submanifold Y n−q of the manifold X n together with a normal block bundle
In addition, the pair (E(ξ), S(ξ)) fits in the associated (D q , S q−1 ) fibration (see [4] ,
We assume in what follows that all pairs of manifolds of filtrations (1.2) and (1.5) are manifold pairs in the sense of this definition.
be a topological normal map (t-triangulation) (see [4] , [5; § 7] , [8] and [10] ), where b is a map of topological normal bundles covering the map f . The map (2.6) defines a t-triangulation
of the manifold pair (X, Y, ξ) (see [5] ) if the following conditions are satisfied: a) the map f is transversal to Y with N = f −1 (Y ); b) the pair (M, N ) is a manifold pair with normal block bundle
is a t-triangulation of the pair (Z, S(ξ)) for which the restriction
coincides with the induced map
. By [5] , Proposition 7.2.3, the set of concordance classes T TOP (X, Y, ξ) of ttriangulations of a manifold pair (X, Y, ξ) coincides with the set of normal invariants
are simple homotopy equivalences (s-triangulations). We denote by S TOP (X, Y, ξ) the set of concordance classes of s-triangulations of a manifold pair (X, Y, ξ) (see [5] ). By definition a simple homotopy equivalence f : M → X splits along the submanifold Y if it is homotopic to an s-triangulation of the pair (X, Y ). The natural forgetful maps
are well defined (see [5] , § 7.2). For a manifold pair (X, Y, ξ) we denote by ∂U = S(ξ) the boundary of a tubular neighbourhood U = E(ξ) of the submanifold Y in X and by X \ Y the closure X \ U . Let
be the square of fundamental groups with orientations. The maps in (2.10) are induced by maps of the corresponding spaces. The groups LS * (F ) of obstructions to splitting of the simple homotopy equivalence (1.1) along the submanifold Y are defined in [2] , § 11. These groups depend on n − q (mod 4) and, functorially, on the square F . We denote by Θ the map
assigning an obstruction to splitting.
For the normal map (2.6) the groups LP n−q (F ) of obstructions to surgery on the manifold pair (X, Y, ξ) are defined (see [2] and [5] ). The groups LP n−q (F ) also depend only on n − q (mod 4) and, functorially, on the square F . We denote by σ the map
assigning the corresponding obstruction. The groups LS * (F ) and LP * (F ) are realized by the spectra LS(F ) and LP (F ). There exists a commutative diagram of spectra (see [10] and [31] )
in which the left-hand square follows from the diagram (2.4). The right-hand square of the diagram (2.13) is a push-out. The homotopy long exact sequences of the maps in this square give us the commutative braid of exact sequences (see [2] , [3] and [31] )
in (2.14) are the natural forgetful maps [2] .
The map (2.12) is realized by the map of spectra (see [2] , [4] , [5] , § 7.2, [7] , [10] and [31] )
fitting in a cofibration
there exists an isomorphism
The maps from (2.9), (2.11) and (2.12) are also realized on the spectrum level by maps fitting in a homotopy commutative diagram of spectra (see [5] , § 7.2, [10] and [31] ): 16) in which the right-hand square is a push-out. The homotopy cofibres of the vertical map in the right-hand square in (2.16) are equal to L(π 1 (X)). The homotopy long exact sequences of maps in the right-hand square in (2.16) give us the commutative braid of exact sequences (see [5] 
We now present necessary facts on the surgery on manifolds with filtration in a form suitable for the development of splitting theory (see [6] [7] [8] [9] , [11] , [26] and [28] ).
Let (X, Y, Z) be a triple of topological manifolds (1.2) with n = dim X, n − q = dim Y , n − q − q = dim Z 5. Let ξ be the normal bundle of Y in X, η the normal bundle of Z in Y and ν the normal bundle of Z in X.
Similarly to (2.5) we obtain the associated fibrations
We assume that the space E(ν) of the normal bundle ν is identified with the space E(ξ| E(η) ) of the restriction of the bundle ξ to the space E(η) of the normal bundle η so that
(see [6] [7] [8] , [11] , [26] and [28] ). Note that for the filtration X given by (1.2) there exists a commutative braid of exact sequences (see [11] )
19) which is realized on the spectrum level. The diagram (2.19) is a natural generalization of the diagram (2.17).
Consider the filtration (1.5) . In what follows we suppose that conditions similar to (2.18) hold for any triple of manifolds from this filtration. Then the filtration (1.5) is a stratified manifold in the sense of Browder-Quinn [6] , [7] . Let n j (n 0 = n) be the dimension of the manifold X j , q j = n j−1 − n j (1 j k) the codimension of the submanifold X j in X j−1 , and s j the codimension of X j in X 0 = X. We assume that n k 5. Let F i (for 0 i k − 1) be the square of fundamental groups in the splitting problem for the pair of manifolds (X i , X i+1 ).
We denote by X the filtration
of the manifold X \ X k with boundary ∂(X \ X k ). Every pair of manifolds in (2.20) is a pair of manifolds with boundaries in the sense of Ranicki's definition (see [5] ). The boundaries of manifolds in the filtration (2.20) give us the filtration ∂X :
of the closed manifold ∂(X \ X k ). For 0 j k we denote by X j the subfiltration
of the filtration X . As above, the filtrations X j and ∂X j are defined.
Recall the inductive definition of the spectrum L BQ (X ) for the Browder-Quinn groups L BQ * (X ) (see [6] [7] [8] and [28] ). Note that in our definition the subscript * for the obstruction group L BQ * (X ) is equal to the dimension n k of the smallest manifold in the filtration X and
We defined the spectrum L BQ (X 1 ) as the homotopy fibre of the composition
where the first map is the transfer and the second map is induced by the inclusion
Assume that the spectra L BQ (X j−1 ) are already defined for 0 j k. We define the spectrum L BQ (X j ) as the homotopy fibre of the composition 26) where the first map is the transfer (see [7] , § 6) and the second map is induced by the natural inclusion of filtrations ∂X j → X j .
Directly from the definition we obtain the cofibrations 27) and the homotopy long exact sequences
For 0 j k there exist cofibrations (see [7] , § § 6, 7) and [8] )
For j = 0 the cofibration (2.29) coincides with (2.1), and for j = 1 the cofibration (2.29) coincides with (2.15) for the pair (X, X 1 ). Let S i (X j ) = π i (S(X j )). Then there exist isomorphisms (see [7] , [8] )
where the set S TOP (X j ) consists of the concordance classes of s-triangulations of the filtration X j (see [7] , [8] ).
For 0 i j k we denote by X i j the subfiltration
of the filtration X . We shall write the filtration X i k as X i , and
Let
By [8] there are the following push-out squares of spectra:
Note that the square (2.32) coincides with the square
which realizes the central square in the diagram (2.14) for the pair (X i , X i+1 ). The horizontal maps in the diagram (2.31) correspond to the map of forgetting the submanifolds X j , and the vertical maps correspond to the map of forgetting the submanifold X i . In the diagram (2.31) the homotopy fibre of the vertical maps is equal to Ω sj L(ρ i ) and the homotopy fibre of the horizontal maps is equal to
LS(F j−1 ). § 3. Splitting along a submanifold with filtration
In this section we consider a filtration X (see (1.5)). We define the spectra LSF (X i ), 1 i k, and the groups
where X i is the subfiltration defined in (2.22). The group LSF n k (X ), where n k is the dimension of the smallest manifold X k of the filtration X , is the group of obstructions to splitting a simple homotopy equivalence (1.1) along the subfiltration Y = X 1 from (1.6). We describe relations between the groups LSF * , the Browder-Quinn groups, and various structure sets for the filtration X . We preserve the notation and the agreements of the previous section.
The subfiltration X i i+1 of the filtration X is given by the manifold pair X i+1 ⊂ X i (0 i < i + 1 k). By definition, let
Consider the composition
in which the first map is the forgetting map from the diagram (2.32) (for i = 1) and the second is the q 2 -looped map of the transfer p for the pair (X 0 , X 1 ) (see the diagrams (2.4) and (2.13)). Denote by
2 ) = LSP (X 0 , X 1 , X 2 ) the homotopy fibre of the composition (3.3) (see [11] ). The diagram (2.31) and this notation give rise to the following homotopy commutative diagram of spectra [11] ):
where s 2 = q 1 + q 2 . The rows in the diagram (3.4) are cofibrations and the righthand square is a push-out. The upper row of the diagram (2.31) yields a sequence of maps of spectra:
in which the first map follows from (3.5) by means of the corresponding delooping and the second map is similar to the map in (3.3). We define the spectrum LSF (X j ) as the homotopy fibre of the composition (3.6). Then we obtain a cofibration
Now, (3.1) defines the groups LSF n (X j ), 1 j k, of the filtration X j . It follows from the definition that the groups LSF n depend on n (mod 4).
Proposition 1.
The following commutative diagram of spectra holds:
in which the horizontal rows are cofibrations and the right-hand square is a pushout. The homotopy fibre of the vertical maps of the right-hand square is equal to Ω sj L(π 1 (X)).
Proof. This follows from the diagrams (2.31), (3.5) and the definition of the spectrum LSF (X j ).
Corollary 1. The groups LSF * = LSF * (X ) fit in the commutative braid of exact sequences
; ; w w w w w w (3.9)
Proof. The homotopy long exact sequences of the maps in the right-hand square in (3.8) give us the diagram (3.9).
The diagram (3.9) is a natural generalization of the diagram (2.14).
Corollary 2. Let X 1 be a submanifold of X of codimension q 1 3. Then
for all n.
Proof. In the case under consideration L n (ρ 0 → G 0 ) = 0 since the map ρ 0 → G 0 is an isomorphism. The result now follows from the diagram (3.9). Theorem 1. For 2 j k there exists a push-out square of spectra
in which the homotopy fibre of the vertical maps is equal to LS(F j−1 ) and the homotopy fibre of the horizontal maps is equal to
The square (3.10) gives rise to the braid of exact sequences
Proof. The definition of the spectrum LSF and the upper map for i = 1 in the diagram (2.31) yield the homotopy commutative diagram of spectra
in which the left-hand vertical map is induced by the other two vertical maps (see [35] ). The homotopy fibre of the map
is equal to LS(F j−1 ) as follows from the diagram (2.31). The left-hand square is a push-out since the cofibres of the horizontal maps are naturally homotopy equivalent.
Theorem 2.
There exists a push-out square of spectra
in which the homotopy cofibre of the horizontal maps is equal to L(π 1 (X)) and the homotopy cofibre of the vertical maps is equal to S(X ). The square (3.13) gives rise to the braid of exact sequences
Proof. The required result follows from the homotopy commutative diagram
in which the maps in the right-hand square are defined in (2.29) and (3.5), the upper row follows from the cofibration (2.1), the bottom row is defined in Proposition 1, and the left-hand vertical map is induced by the other two vertical maps.
The commutative diagram (3.14) generalizes the diagrams from [5] , Proposition 7.2.6, iv, and [11] , Proposition 3.2. The map (3.16) in the diagram (3.14) fits in the exact sequence
and corresponds algebraically to the map assigning the obstruction to splitting a simple homotopy equivalence f : M → X along the subfiltration Y .
Theorem 3. For 2 j k there exists a push-out square of spectra
in which the homotopy cofibre of the horizontal maps is equal to Ω −1 LS(F j−1 ) and the homotopy cofibre of the vertical maps is equal to Ω sj S(X ). The square (3.17) gives rise to the braid of exact sequences
in which all the squares are push-outs and the cofibres of all the vertical maps are naturally homotopy equivalent to the spectrum L(π 1 (X)).
Proof. The diagram (3.20) follows from the diagrams (2.29), (2.31), (3.15) and (3.17).
Corollary 3. For 2 j k there are braids of exact sequences 
be the map (2.11) for a pair (X 0 , X 1 ) and let x ∈ LS n−q1 (F 0 ). If τ j (x) = 0 for some j, 2 j k, then the element x cannot be realized as an obstruction to splitting a simple homotopy equivalence into the closed manifold X.
Proof. It follows from [5] , Proposition 7.2.7 that the image of the map Θ coincides with the image of the map
which is realized on the spectrum level by the map
The map (3.23) is the composition of the maps in the upper row of the diagram (3.20) . The result now follows from the exact sequence with the map τ j in the diagram (3.22). § 4. The Browder-Livesay filtration
We apply the groups LSF * to the problem of the realization of splitting obstructions by simple homotopy equivalences of closed manifolds (see [13] , [28] and [33] ) and describe their relation to the iterated Browder-Livesay invariants. Afterwards, we give several examples.
Assume that a manifold pair (X n , Y n−1 ) is a Browder-Livesay pair. In this case the square (2.10) has the following form:
where
and G + = π 1 (X) are groups with orientation homomorphisms. The vertical maps in (4.1) are inclusions of index 2. The orientation homomorphisms on the groups G ± coincide on the images of the vertical maps and differ outside these images. In this case the groups LS * (F ) are called the Browder-Livesay groups and are denoted by LN * (ρ → G + ) (see [12] [13] [14] [15] , [17] , [18] , [23] [24] [25] and [34] ). Throughout this section we suppose that the filtration X in (1.5) is a Browder-Livesay filtration. In this case the dimension of the submanifold X i is n−i, where n = dim X, the codimension s i of the submanifold X i in X is i, and
where all the groups G i = π 1 (X i ) are isomorphic to the group G 0 = π 1 (X 0 ) if we forget the orientation homomorphism. We now state more algebraically several results of surgery theory for the BrowderLivesay filtration (1.5) .
Consider an infinite diagram G of groups with orientations (which is commutative as a diagram of groups):
in which the maps ρ i → G i and ρ i → G i+1 are inclusions of index 2 of oriented groups. Every horizontal map is an isomorphism preserving the orientation on the image of the corresponding group ρ i and reversing the orientation outside this image.
The commutative triangles of groups in (4.3) define the sequence of squares F
For 0 i j we denote by F i j the finite subset
of the sequence (4.4). Let F j = F 0 j . For any square of groups (4.1) the BrowderLivesay groups LN * (ρ → G) are defined in [25] . These algebraically defined groups and the diagram (2.14) are realized on the spectrum level (see [10] , [17] , [29] , [31] and [34] ). We can transfer the inductive definition of the spectra LSF (X j ) to the case of the sequence F using the push-out squares (2.31) and (2.32). Thus, we obtain the spectra L BQ (F i j ) and LSF (F i j ). Note that the Browder-Livesay filtration (1.5) yields the finite set F k−1 = F 0 k−1 . In this case for 0 i j < k we have
The first differential d
of the surgery spectral sequence coincides with the composition
The first map of the composition (4.8) fits in the diagram (2.14) for the square F p , and the second map fits in the diagram (2.14) for the square F p+1 . The upper row of the diagram (4.6) yields the filtration of spectra
The homotopy spectral sequence E r p,q (F ) of this filtration is similar to the surgery spectral sequence (see [8] , [32] and [36] ). In this case we obtain
with the first differential ∂ p,q
Proposition 2. For p 0 and q ∈ Z the vertical maps in the diagram (4.6) induce an isomorphism E p,q r ∼ = E p,q r of spectral sequences. In particular, the differential ∂ p,q 1 coincides with the composition (4.8).
Proof. All the top squares in (4.6) are push-outs; hence the fibres of all the corresponding horizontal maps coincide (see [32] and [36] ). Proposition 3. For j 2 there is a braid of exact sequences Proof. This follows from the diagram (4.6).
Theorem 5. Let G be a diagram of groups (4.3) and x ∈ LN n−1 (ρ 0 → G 0 ) an element of the Browder-Livesay group. If τ j (x) = 0 for some j 2, then the element x cannot be realized as an obstruction to splitting a simple homotopy equivalence f : M n → X n of closed manifolds with π 1 (X) = G 0 .
Proof. Let f : M n → X n 0 be a simple homotopy equivalence, and (X 0 , X 1 ) a Browder-Livesay pair of closed manifolds such that the splitting obstruction Θ(f ) is equal to x ∈ LN n−1 (ρ 0 → G 0 ), where G 0 = π 1 (X 0 ), ρ 0 = π 1 (X 0 \ X 1 ). Using the geometric definition of 4-periodicity (see [2] , Theorem 11.6.1) we can assume that n j + 5. Let RP N be a real projective space of high dimension. Consider a map
which induces an epimorphism of fundamental groups G 1 = π 1 (X 1 ) → Z/2 with kernel ρ 1 . Without loss of generality we can assume (see the introduction) that the map φ is transversal to RP N −1 with φ −1 (RP N −1 ) = X 2 and that the pair X 2 ⊂ X 1 is a Browder-Livesay pair with the square F 1 in the splitting problem. Iterating this construction we obtain a Browder-Livesay filtration X 10) in which F i is the square in the splitting problem for the pair (X i , X i+1 ). Similarly to the proof of Corollary 5 we obtain that the element x lies in the image of the map
from the diagram (4.9). Hence τ j (x) = 0. We obtain a contradiction, which proves the theorem.
For j 1 we have the homotopy long exact sequences
of the vertical cofibrations from the diagram (4.6).
. If β j = 0 for some j 1, then the element x cannot be realized by a normal map of closed n-dimensional manifolds.
Proof. If β j (x) = 0, then it follows from the exact sequence (4.11) that x does not lie in the image of the map L BQ n−j (F j−1 ) → L n (G 0 ). Then, by [8] and [28] , the element x cannot be realized by a normal map of closed n-dimensional manifolds.
Every diagram G yields the set of iterated Browder-Livesay invariants (see [8] , [11] , [18] , [27] and [28] ). Note that the map β j , j 1, is equivalent to the full set of iterated Browder-Livesay invariants of order up to j (see [8] , [11] , [18] , [27] and [28] ).
Proof. For j 2 the map
in the diagram (4.12) induces the map τ j . The required result now follows from (4.12).
The forbidding invariant τ 2 is similar to the first Browder-Livesay invariant.
Theorem 7. The invariant τ 2 fits in the braids of exact sequences
' ' P P P P PLSF n−2 ( ' ' P P P P P P P 7 7 n n n n n n n
the map of homotopy groups
induced by δ coincides with d 0,n+1 1
.
We now consider several examples of the application of the results obtained. Let i : ρ → G − be an inclusion of index 2 of Abelian groups, where the orientation homomorphism is trivial on the group ρ and non-trivial on the group G − .
Theorem 8.
No element of infinite order of the group LN 2k (ρ → G − ) can be realized as the splitting obstruction of a simple homotopy equivalence of closed manifolds.
Proof. The inclusion i yields the diagram of groups G , in which all inclusions of index 2 coincide with i and the orientation on the groups G j changes on each successive group outside the image of the map i. In particular, the orientation homomorphisms of all the groups G 2k coincide with the orientation homomorphism of the group G 0 = G − . By Theorem 7 the map τ 2 coincides in dimension 2k with the first differential of the surgery spectral sequence, which is yielded by the composition 16) and is multiplication by 2 (see [15] and [32] ). The required result now follows from Theorem 5. of (4m + 4k + 1)-dimensional manifolds splits along the submanifold X × RP 3 .
